In this investigation, the series solutions of mixed convection boundary
Introduction
The mixed convection flows under boundary layer analysis are of fundamental theoretical and practical interest. Heat exchangers, electric transformers, refrigeration coils, solar collectors, study of movement of natural gas, oil, water through oil reservoirs and nuclear reactors are few examples in this direction. The flows of non-Newtonian fluids through a porous medium [1] [2] [3] [4] [5] [6] are also quite prevalent in nature. Examples of these applications are filtration processes, biomechanics, packed bed, ceramic geothermal engineering, insulation systems, ceramic processing, chromatography, and geophysical phenomena. Over the last several decades a large number of research work related to the mixed convection flow of a viscous and incompressible fluid over a vertical flat plate was conducted by a number of investigators. For instance, a critical review of mixed convection flows has been presented by Pop and Ingham [7] .
Mahmood and Merkin [8] have presented dual similarity solutions for the axisymmetric mixed convection boundary layer flow along a vertical cylinder in the case of opposing directions only. Later on Ridha [9] has reported that when the buoyancy force acts in the direction of flow then the dual solutions for aiding flow also exist. Ishak et al. [10] have also reported a numerical simulation by Keller-box method for boundary layer flow and heat transfer over a vertical slender cylinder. In this study, the authors concluded that for aiding/assisting flow dual solutions exist but for opposing flow there are either dual solutions, unique solutions or no solution exist.
The purpose of the present investigation is to revisit the problem formulated in references [7] [8] [9] [10] for the analytic solutions. The main stream velocity and wall surface temperature depend upon the axial distance along the cylinder surface. The homotopy analysis method (HAM) [11] has been applied to obtain series solutions of velocity and temperature fields by making choices of two base functions. Convergence of the obtained series solutions is taken care properly. Furthermore, the skin friction and Nusselt number are analyzed. Comparison with the previous relevant studies is made. To the best of our knowledge, the series solutions for this particular model have not been presented in the past. It is worth mentioning that in both cases, the dual solutions do not exist, therefore, the comparison with existing results reveal that our series solutions are valid for l > 0 (heated cylinder) and for l < 0 (cooled cylinder) as well. It is shown that like several existing studies [12] [13] [14] [15] [16] [17] [18] , the HAM in the present paper is accepted as an elegant tool for effective solutions for a number of complicated fluid problems.
Problem formulation
Here, we analyze the convection flow and heat transfer characteristic along a vertical permeable slender cylinder with radius a. We choose the cylindrical co-ordinates (x, r) such that x-and r-axes are along the cylinder surface (vertically) and radial directions, respectively. Symmetric nature of the flow is assumed with respect to the transverse co-ordinate. Furthermore, cylinder is kept in an incompressible viscous fluid of uniform ambient temperature T 4 and constant density r 4 . Using continuity, momentum, and energy equations, one obtains the following boundary layer equations [19, 20] :
In the equations, u and w indicate the velocity components, U(x) -the mainstream velocity, T -the fluid temperature, g -the gravitational acceleration, a -the thermal diffusivity, b -the thermal expansion coefficient, and n -the kinematic viscosity. The subjected boundary conditions are [10] :
where V(>0) and V(<0) correspond to the injection and suction velocities, respectively. Further, U(x) and temperature of the cylinder surface T w (x) are:
in which R denotes characteristic length and DT is the characteristic temperature. Note that DT > 0 corresponds to a heated surface and DT < 0 for a cooled surface. Defining
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where the stream function y can be defined by u = r -1 ¶y/ ¶r and w = -r -1 ¶y/ ¶x. Moreover prime denotes differentiation with respect to h. Invoking eqs. (7) and (8), eq. (1) is identically satisfied, and eqs. (2) and (3) yield:
and the curvature parameter g and V are: , where f 0 = f(0). It is noted that f 0 < 0 is for mass injection and f 0 > 0 is for mass suction. The buoyancy or mixed convection parameter l is:
Here l > 0 and l < 0 are for aiding flow (heated cylinder) and for opposing flow (cooled cylinder), respectively. For l = 0, one has pure forced convection flow without buoyancy force.
The boundary conditions (4) and (5) reduce in the form:
Now the skin friction coefficient (C f ) and the local Nusselt number (Nu x ) are:
where
] and the skin friction t w and the heat transfer from the plate q w can be written as:
in which m and k are the dynamic viscosity and thermal conductivity, respectively. Making use by eq. (7) one obtains: 1
. .
Expression Re x = Ux/n denotes the local Reynold number [10] . 
Solution of the problem
Here we offer two types of series solutions by choosing exponential and rational bases.
Exponential bases
According to eqs. (9) and (10) and the boundary conditions (11) where a 0 , a q,m , and b q,m are coefficients to be determined and z is a spatial-scale parameter. By rule of solution expression denoted by eqs. (14) and (15) and the boundary conditions (11), it is natural to choose:
as the initial approximation to f(h) and q(h), respectively. We use the method of higher order differential mapping, [21] to choose the auxiliary linear operators L 1 and L 2 by: (20) where C i , i = 1, 2, ..., are constants. This choice of L 1 and L 2 is motivated by eqs. (14) and (15), respectively, and from boundary conditions (11), we have C 2 = C 4 = 0. From (9) and (10) we define non-linear operators as:
and then construct the homotopy:
where h 1 ¹ 0 and h 2 ¹ 0 are the convergence-control parameters [22] , H 1 (h) and H 2 (h) are auxiliary functions. Setting H i [f(h, z; p), y(h, z; p)] = 0, for i = 1, 2, we have the following zero-order deformation problems:
subject to conditions:
in which pÎ[0, 1] is an embedding parameter. When the parameter p increases from 0 to 1, the solution f(h, z; p) varies from f 0 (h) to f(h) and the solution y(h, z; p) varies from q 0 (h) to q(h). If these continuous variations are smooth enough, the Maclaurin's series with respect to p can be constructed for f(h, z; p) and y(h, z; p), respectively, and further, if these series are convergent at p = 1, we have: For simplicity, here we take H 1 (h) = H 2 (h) = 1. According to the rule of solution expression denoted by eqs. (14) and (15) At the N th -order approximation, we have the analytic solution of eqs. (9) and (10), namely:
For simplicity, here we take h 1 = h 2 = h. The auxiliary parameter h is useful to adjust the convergence region of the series (34) in the homotopy analysis solution. By plotting h-curve, it is straightforward to choose an appropriate range for h which ensures the convergence of the solution series. As pointed out by Liao [11] , the appropriate region for h is a horizontal line segment.
Rational bases
Invoking eqs. (9) and (10) 
where d 0 , d q,m , and e q,m are coefficients to be determined. According to the rule of solution expression denoted by eqs. (35) and (36) and the boundary conditions (11), the initial approximations of f(h) and q(h) are selected as:
The auxiliary linear operators L 1 and L 2 are : By rule of solution expressions denoted by (35) and (36) and from m th -order deformation equations, the auxiliary functions H 1 (h) and H 2 (h) are chosen in the form:
It is found that when x 1 < 4 and x 2 < 3 the term log(1 + h) appears in the solution expression of f m (h) and q m (h), which disobeys the rule of solution expression denoted by (35) and (36), respectively. In addition, when x 1 > 4 and x 2 > 3 we omit some terms in solution expression. This uniquely determines the corresponding auxiliary functions:
According to (35) and (36), D 2 = D 4 = 0. The other unknowns are governed by:
and according to our algorithm, the other boundary conditions are satisfied. In this way, we derive f m (h) and q m (h) for m = 1, 2, 3,..., successively. Like previous case, we will take here h 1 = h 2 = h.
Numerical results and discussion
We use the widely applied symbolic computation software MATHEMATICA to solve eqs. (29) and (30). By means of the so-called h-curve, it is straightforward to choose an appropriate range for h which ensures the convergence of the solution series. As pointed out by Liao [11] , the appropriate region for h is a horizontal line segment. We can investigate the influence of h on the convergence of ¢¢ f ( ) 0 and -¢ q ( ) 0 , by plotting the curve of it vs. h, as shown in figs. 1-4 (for l > 0) and figs. 5-8 (for l < 0) are the examples of two cases. By considering the h-curve we can obtain the reasonable interval for h in each case. Our computations show that in first case it is better to we choose z ³ 2. Also, by computing the error of norm 2 for two successive approximation of F N (h) or Q N (h) of (34), we can obtain the best value for h in each case. Figures 9 and 10 show the error of F 20 (h) for hÎ [0, 5] in first case and we obtain that the best value of h is -0.209 with error 
Conclusions
Here we have applied the homotopy analysis method which has been proven to be successful in tackling non-linear problems to compute the influence of suction/injection on the mixed convection flows along a vertical cylinder. It is interesting to note that when g = 0 then one recovers the flat plate case [26] . The problem reduces to the case of impermeable cylinder for f 0 = 0 [27] . The case of arbitrary surface temperature can also be recovered by g = f 0 = 0 [23] . It is further revealed that usage of rational base is easier, because it has one auxiliary parameter less than the exponential case (z). It is worth mentioning that in both cases, the dual solutions do not obtain, therefore, the comparison with existing results reveal that our series solutions are valid for all values l. 
